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Summary.  We provide an evolutionary formulation of a generi quantum os-
mology. Our starting point is the request that all quantities living on the sliing have
to be 3-tensors. This statement, when applied to the lapse funtion and the shift
vetor, yields the no longer vanishing behavior of the super-Hamiltonian. Then, we
provide the formulation of an evolutionary quantum osmology in orrespondene
to a generi Universe asymptotially to the initial singularity.
83.C
1.  General statements
In reent works (see [2℄ and [3, 4℄) was presented a revised approah to the anonial
quantum gravity, whih leads, via dierent proedures, to a Shrodinger dynamis for the
3-metri eld. The osmologial implementation of this evolutionary quantum gravity
was then presented in [5, 6℄. The starting point of the reformulation is that the (3+1)-
sliing aquires a preise physial meaning on a quantum level too, due to the light one
preservation on a spae-time foam. The prie to be payed for this issue is, essentially, in
all the proposed shemes, the xing of a referene frame. On one hand, we have to deal
with non-test uids whih provide a physial sliing of the spae-time and modify the
onstraints of the theory. On the other hand, as far as the referene frame is xed before
the quantization is performed, then the dynamis aquires an evolutionary harater. The
result of this new point of view is determining a matter-time dualism for the quantum
geometrodynamis. Similar onlusions were inferred in [7℄, but there they stressed
mainly the rst side of this dualism, i.e. matter→ time, while our approahes take more
attention to the opposite diretion time → matter.
Here, we disuss, in some detail, the formulation of a evolutionary quantum osmology,
as referred to a generi inhomogeneous Universe. The adopted proedure to reah a
Shrödinger dynamis relies on the request that all the quantities, oming out from the
© Soietà Italiana di Fisia 1
2 G. MONTANI.
sliing, behave as 3-tensors under the admissible oordinates transformations. To ensure
that the lapse funtion and the shift vetor obey the proper transformations, we have to
restrit ourselves to generi 3-dieomorphisms, but to onstant time displaement only.
The evolutionary impliations and the osmologial issues of suh a restrition are then
investigated.
In Setion 2, we revise the Arnowitt-Deser-Misner (ADM) [8℄ formulation of General
Relativity as viewed in the vier-bein piture. Setion 3 is devoted to outline the dynam-
ial impliations of dealing with a physial sliing. The request that all quantities are
3-tensors is shown to remove the vanishing behavior of the super-Hamiltonian. Setion
4 provides an appropriate formulation of the lassial dynamis. for a generi inhomoge-
neous Universe. This sheme is then quantized in setion 5 within the new evolutionary
paradigm.
2.  ADM-Formulation of the dynamis
In the ADM representation of the geometrodynamis, the spae-time is slied into a
1-parameter family of spaelike hypersurfaes Σ3t , dened by t
µ = tµ(t, xi) (µ = 0, 1, 2, 3
and i = 1, 2, 3). The deformation vetor Nµ admits the deomposition
Nµ ≡ ∂ttµ = Nnµ +N i∂itµ ,(1)
where N and N i denote the lapse funtion and the shift vetor respetively, while the
normal nµ and the tangent elds ∂it
µ
x together a loal basis of the manifold V4 =
Σ3t × R. A (3+1)-representation of the 4-metri eld gµν(yρ) is reahed by regarding
tµ = tµ(t, xi) as a oordinates transformation toward the new basis {Nµ, ∂itµ}, in
whih the line element rewrites
ds2 = gµνdt
µdtν = −N2dt2 + hij(dxi +N idt)(dxj +N jdt) ,(2)
Above, hij ≡ gµν∂itµ∂jtν is the 3-metri indued on the spatial hypersurfaes.
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where, piia are the onjugate momenta to u
a
i . The super-Hamiltonian H and the super-


































where u ≡ detuai and ωabi = ( 3∇iuak)ukb ( 3∇ denoting the 3-ovariant derivative) is a
1-form onnetion. F abij is the 2-form urvature onstruted by suh 1-form.
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In the ation (3), N and N i enter as Lagrangian multipliers, whose variation leads to
the onstraints H = Hi = 0. We observe that this vanishing nature of H and Hi respe-
tively reets the time and spatial dieomorphisms invariane of the theory respetively.
Finally, three additional onstraints are requested to kill the three redundant degrees of
freedom whih the 3-bein has with respet to the 3-metri. Suh onstraints take the
form piiauib−piibuia = 0 and they orrespond to the loal SO(3) invariane. Below, we will
aount for these onstraints in the dynamis by a suitable hoie pf the 3-bein struture
(see Setion 4).
3.  Physis of the sliing dynamis
Within the framework of a physial separation between spae and time, the only
admissible geometrial quantities have to appear in the form of 3-tensors (salars, vetors,
et.). Otherwise, the spirit of General Relativity is violated on the spatial hypersurfaes
Σ3t . Sine, under the time dieomorphism t
′ = f(t), the lapse funtion N and the shift
vetor N i are multiplied by the fator ∂tf , then we see that their 3-tensor nature is
restored as soon as we restrit ourselves to the (global) time displaements t′ = t+C, C
being a onstant term. Instead, the generi spae transformations x′i = x′i(xl) naturally
fulll the (3+1)-physis. Thus, in what follows, we analyze the impliations of the
gravitational Lagrangian invariane under the innitesimal displaements
t′ = t+ ξ, x′
i
= xi + ξi(xl) ,(6)
where ξ is a onstant quantity, while ξi are generi ones.
Then, from the invariane of the dynamis under this lass of transformations and by
few standard steps (in the spirit of the Nöther theorem), we arrive to the key onservation























d3x {∂tH+Haξa} = 0 ,(7)
H being the full Hamiltonian density. Sine the 3-dimensional General Relativity Prin-
iple has to be preserved under the sliing, we have to require that Ha ≡ 0 and the
above onstraint simply rewrites ∂tH = 0 ⇒ H = E(xl), E being a generi integration
funtion, xed by the initial onditions on the gravitational system.
Thus, we see that the request to deal with 3-tensors only, implies that the super-
Hamiltonian onstraint is removed. Therefore, the ation of the gravitational eld takes,
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,(8)
where Ξi are Lagrangian multipliers introdued to emphasize the vanishing nature of the
momenta pNi (being pN and pNi onjugate to N and N
i
respetively).
4.  Dynamis of a generi Universe
We now perform a signiant redution of the variational priniple, as applied to a
generi osmology. Below, we deal with an arbitrary referene frame and we analyze the
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dynamis asymptotially to the osmologial singularity. To this end we observe that a
generi osmologial solution is represented by the gravitational eld having full degrees








where, by the diagonal matrix Qba =
1
2
qa(t, xl)δba and y
a(t, xl), we determine six 3-salars,
whih resume the gravitational eld dynamis. Oab = O
a
b (x
i) is a SO(3) matrix and it
provides three spatial funtions available to the Cauhy problem. This hoie for the
3-bein struture removes the three redundant omponents in it ontained. The ation
for the gravitational eld is strongly simplied beause, as shown in [9℄, for any form of
N and N i, the super-momentum onstraint an be solved by adopting the variables ya
as new spatial oordinates.
Hene, we rewrite the dynamis by means of the Misner variables [10℄, dened by the
linear transformation
q1 = α+ β+ +
√
3β−, q2 = α+ β+ −
√
3β−, q3 = α− 2β+.(10)
These new variables allow, asymptotially to the singularity (α → −∞), to rewrite the
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U =
1
2k | J |2 e










Above, J denotes the Jaobian of the transformation from xi to ya, while the spatial
funtions λi(y
a) (i = 1, 2, 3) x the model inhomogeneity.
The most relevant feature of the obtained dynamis onsists of the parametri role played
here by the spatial oordinates. In fat, it omes out beause the potential terms ontain-
ing the gradients of α and β± result to be asymptotially negligible. Thus, the Wheeler
Superspae of this theory deouples into∞3 independent 3-dimensional minisuperspaes.
5.  Canonial quantization
Sine the total Hamiltonian of the system redues, near the singularity, to the sum
of ∞3 independent point-like ontributions, then the Shrödinger funtional equation
splits orrespondingly. Thus, xing the spae point ya, the quantum dynamis reads (we
denote with the subsript y any minisuperspae quantity)
























ψy, ψy = ψy(t, α, β±, φ) .(15)
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Above, to make aount of the inationary senario, we inluded in the dynamis a mass-
less salar eld φ and a osmologial onstant Λ. The presene of these two terms allow
to model the main features of the inaton eld dynamis in the pre-ination and slow-












, σy = ξy(α, Ey)piy(α, β±, φ) ,
where B is xed by the initial ondition at t0. Hene, we get the following redued
problems
Hˆσy = Eyσy(16) (
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ξy = Eyξy ;(18)
Here, in deriving the equation for ξy, we negleted the dependene of piy on α beause,
asymptotially to the singularity (α→ −∞) it has to be of higher order (i.e. we address
a well grounded adiabati approximation).
Suh an approximate desription of the early Universe quantum dynamis has a deep
physial meaning, orresponding to require that the sale of the inhomogeneities is super-
horizon sized and loal homogeneity overlaps the notion of ausality. This fat allows
us to deal with an evolutionary quantum osmology whih preserves the ausal piture
from a physial point of view.
We would like to thank Franeso Cianfrani, for his valuable omments on dierent
steps of the paradigm here presented.
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